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Heterogeneous connectivity is omnipresent in spatially distributed biological systems. This property
allows to introduce an information processing hierarchy in a spatially continuous system by means of or-
ganizing its spatiotemporal dynamics. The brain with its intricate and detailed connectivity is a beautiful
example. In particular, it is understood that neuronal spike firings of action potentials contribute to the
information processing in the brain. Here we ask the question, how the variability of these firing patterns
is altered by the introduction of a heterogeneous fiber system. We study the special case of a two-point

connection.
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1 Introduction

Historically, macroscopic pattern formation and
self-organization phenomena have been studied sys-
tematically in physical and chemical systems (see
Ref. [1, 4] for reviews). One of the pioneers in
the field, Hermann Haken, has not only devel-
oped methodological aspects of self-organization
phenomena, but also, most importantly, concep-
tual and philosophical entry points captured under
the collective expression Synergetics. Many exam-
ples can be found in physics, e.g. hydrodynam-
ics, laser, and chemistry, e.g. Belousov Zhabotin-
sky reaction. One of the strengths of Synergetics
is the dual approach though, that is the comple-
mentary bottom-up and the top-down approaches.
The bottom-up approach starts with a discussion
of the microscopic dynamics of a complex system
and leads to the derivation of the macroscopic or-
der parameters. The top-down approach assumes
the existence of an order parameter dynamics and
provides an entry point to phenomenological mod-
elling using a rich inventory of mathematical tools.
Especially the latter approach has proved to be pow-
erful in understanding collective phenomena in dis-

ciplines, in which the microscopic dynamics is typi-
cally not known. By doing so, Hermann Haken has
entered, or shall I say ”created”, the field of rig-
orous mathematical modelling in the Life sciences,
such as human movement sciences [2] and brain sci-
ences [3, 11]. Of course, there have been many other
phenomenological modelling approaches throughout
the literature, but none of them has been supported
by such a systematic formalism as the one provided
by Synergetics.

In the following I wish to pick up the follow-
ing line of thinking: Biological systems such as
brain tissue consisting of billions of neural cells
display phenomena of pattern formation and self-
organization. These cells communicate with each
other and process information over time. The tim-
ing of these processes at different sites will certainly
influence the overall pattern, which emerges, and
hence the entire information processing. How do
these different sites communicate and how is their
timing affected by this communication? Brain tis-
sue has the property, that areas are not only locally
connected, but also globally. Such long-range inter-
actions may also be found in physical systems, but
the interaction patterns of the latter show always
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translational invariance in space. This is different
for brain tissue. If area A is connected to area B
over a distance d, then area C, which has also a
distance d to area B, does not necessarily connect
(directly) to B. This property of a mutual presence
of spatially invariant local connections and spatially
variant long-range connections is omnipresent in the
brain. In physical systems, to the extent that inho-
mogeneous properties are considered, they are typ-
ically introduced as spatially varying parameters or
inputs to the homogeneous system (see e.g. Ref. [5]
for a recent example). Systems with a spatially
invariant connection topology allow for a differen-
tial partial differential description of their dynam-
ics. This is not the case for systems, which we
encounter in general life sciences. Neuronal net-
works, biological tissue and geographic spread of
epidemics (see [16] for an introduction) are just a
few other examples. In such cases, a description of
the dynamics as a partial differential equation re-
sults in high order differentials and a multitude of
delays raising the complexity enormously. An inte-
gral description, however, allows for spatiotemporal
pattern formation and provides a simpler represen-
tation and control of the inhomogeneous connection
topology by its integral kernel. An initial treatment
of an inhomogeneous connection topology in a dy-
namic system has been made by the introduction of
instantaneous long-range connections between ar-
eas in a discretely coupled chain of oscillators [6].
In previous work [7, 8] we have reported an inte-
gral formulation of a spatially continuous dynamic
system with a heterogeneous connection topology
and propagation delays along its connections. Ex-
perimentally, these systems are probed by detectors
at specific locations. These detectors register the
on-going activity simultaneously at each site. After
data collection, the analysis of the timing and its
variability between individual sites provides infor-
mation on how sites communicate with each other
and how they are connected. A reduced variability
in the timing of events between different locations
is typically understood to be a consequence of the
presence of a coupling and thus enhanced informa-
tion exchange. However, the question remains open
how different couplings or pathways influence the
timing variability. The emergence of a spatiotem-
poral pattern will naturally reduce the timing vari-

ability. In previous work [7, 8], we showed that
the introduction of additional pathways may induce
macroscopic pattern formation implying a reduced
timing variability. In the present study, we investi-
gate the contributions of homogeneous and hetero-
geneous couplings below, but close to the threshold
of macroscopic pattern formation, however in the
presence of noise. In particular we study the com-
munication between individual sites from the mod-
elling perspective, that is we define a spatiotemporal
system with a homogeneous connectivity and embed
an additional pathway connecting two sites A and
B. Then we study the timing of activation and its
variability at the individual sites in dependence of
the presence or non-presence of a direct pathway be-
tween A and B. In paragraph 2 we briefly review the
formalism [7] which allows such a system’s analytic
treatment of pattern formation by means of a mode
decomposition. In paragraph 3 the paradigmatic
example of a two-point connection embedded in a
continuous homogeneously connected medium illus-
trates the destabilization mechanism of a heteroge-
neous connection. The destabilization leads to a
non-equilibrium phase transition and causes macro-
scopic pattern formation. In paragraph 4 we show
how the variability of the timing between individual
areas is affected by different types of connectivity.

2 Dynamics of integral equations

We define the spatiotemporal dynamics of a scalar
field ¢ (x,t) with space € R™ and time t € R as a
nonlinear retarded integral equation of the form

la,t) = /A 0X (2, X)S((X, T) + I(X.T)) (1)

where f(x, X') describes a general connectivity func-
tion and S a nonlinear function of v at space-point
X and a time-point T = t — |z — X|/v delayed
by the propagation time over the distance |z — X|.
A denotes the surface area of the medium and v
the constant signal velocity. I(t) is the input to
the field 9 (z,t). Variations of this type of inte-
gral equation have been widely used in theoretical
neuroscience [9, 10, 11, 12, 13] to describe the dy-
namics of neural activity. But in all these cases, as
well as generally in physical systems, translational
variance f(x,X) = f(Jz — X|) has been employed.
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Here we assume f(x,X) to be a general function
of z and X. We decompose the field i(z,t) into
spatial modes g,(x) and complex time dependent
amplitudes v, (t) such as

[e.9]

7,/}(.%', t) = Z

n=—oo

Gn () thn (1) (2)

The choice of the spatial basis functions will depend
on the surface A and its boundary conditions, but
also on practical considerations about the type of
connectivity f(z,X) and inputs I to the system.
An adjoint basis is given by

/ dzx gm(x)gn(l‘) = Omn (3)
A

where d,,, is the Kronecker symbol. We choose a
polynomial representation of the nonlinear function
S in (1) such as

S(X7 T) =ap + alw(Xa T) + a2¢2(X7 T)
too= ) am™(X,T)  (4)

m=0

where a,, € R and I(X,T) is not considered (no
restriction of generality). By projection of (1) on
a spatial basis function g,(x) and restricting its di-
mension N to be finite, we obtain a set of N coupled
integral equations

) = [ doata) [ X f@X) Y a
m=0
N
(3 gu(X ()" (5)
n=—N

Note that T still depends on the distance |z — X]|.
We perform the following trick: exchange space and
time integration by introducing a time integral and
a é-function 6 (t—7—v~!|z—X|) in (5); then perform
the integration over dX preserving t — 7 > 0 for
causality. The resulting equations are

U(t) = vf

+T2(t — 1)U (7)¥(7) + ...)

= vl

T (Lot —7)+T1(t — 7)¥(7)

dr To(t — 7) + LYU(t) + NY(¥(t))
(6)

where vector notation has been used:

U(t) = (- ahg(t) )" (7)
and
Tolt=7) = (= Ty(t=7))T
Nit-7) = (- Twlt-7) (3

Formally L! and N' represent the linear and nonlin-
ear temporal evolution operators. The tensor ma-
trix elements are

Lot —7) = aolyg (t—7)+7(t—7))

Ton(t —7) = ar(vgn(t —7) + 2kt —7) ()
where

’ygt(t—T) = [ydx gy(z)f(z,x£v(t—7))

vqin(t—T) = fAdx Gq(z) f(x,x £v(t — 7))

Xgn(z £v(t — 7))

(10)
Our particular interest is in macroscopic phase tran-
sitions from one mode to another, i.e. the desta-
bilization of a stationary spatiotemporal state. We
consider a stationary solution ¥y of (6) and its small
deviations €(t) resulting in ¥(t) = ¥y + €(t). Then
(6) may be written as

e(t) = L'U(t)+ NY(¥(1))

= Lle(t) + N'(e(t))

- Lt\I/() + Nt(\po)

) (11)
where Nf(e(t)) is of the order |e|?. The general so-
lution of the linear parts of (11) is

N M-1

(Y emnt™)eM 0y, (12)

n=1 m=0

where ¢, is a constant, A\, the eigenvalue, M its
multiplicity and O,, the right-hand eigenvector. The
eigenvalue problem of (11) is defined as

det(e ML (e ) = 1) =0 (13)
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and provides A,. The identity matrix is 7. Decom-
posing €(t) = Zf\;l &i(t)O; and defining the left-
hand eigenvectors Oy of the linear problem in (11)
we obtain by projecting (11) on Oy,

t ~ N
&r(t) = / M (T)dr + OpN' (D~ &(7)05) (14)

N i=1

The nonlinear contributions can be rewritten such
that

&) = [1__dr (\&()

+ Zi\g:l Cokrs (t — 7)&(7)&s(7) + higher orders)

(15)
with

N
Totrs(t—7) = > Ollajmn(t — 7)OOL  (16)

jmn=1

where the superscript of the eigenvectors denotes
their elements. Here the entire complexity of the
connection topology is contained in the tensor ma-
trices I' which can be explicitly expressed as inte-
grals of the connectivity f(x, X) and the spatial ba-
sis functions gy, (), gm(x). The linear stability of an
eigen mode & (t) is determined by its eigenvalue \.
Thus we are able to express the entire dynamics
of (1) in terms of its eigen modes under appropri-
ate choice of g, (z), gm(z) in the vicinity of a phase
transition.

3 Influence of a two-point
connection

Let us now consider the example of a one-
dimensional homogeneous medium with a hetero-
geneous two-point connection between locations x
and xa. The connectivity function f(z, X) shall be
given by

flz, X) = f(lz = X]) + fra(z, X) + far (2, X) (17)

where f1 is the link from x5 to 21 and fo; the link in
the opposite direction as illustrated in figure 1. The
distance between the inhomogeneous contributions
of connectivity is d = | — X| which serves as our
control parameter.

f(1x-X1) - >
X
,,,,,,,,,,,,,,,,,,,,, W(x,t)
’A A
X1 f21 (x.X) » X2
£,(6X)

FIG. 1. Two-point connection. The homogeneous con-
nection topology is illustrated within a one-dimensional
continuous medium whose activity is described by
Y(x,t). A projection from x; to xo introduces a het-
erogeneity into the connectivity.

The dynamics of our example is given by

Plet) = a /A 4X f(2, X)S((X,T) — $(X,T))

(18)
with T =t — |z — X|/v and 2, X € R. (x,t) =
J4dX (X, 1) is subtracted to reduce spatially uni-
form saturation effects [11]. Periodic boundaries are
imposed. The connectivities are specified as

flle = X)) = foe lo=Xllo
fij(@, X) = [fijo(@ —2)6(X —x;) i #j
(19)
where a, 0o, fi12, for are constant parameters. We
choose the spatial basis system to be spanned by
the trigonometric functions sinnkz,cosmkx with
n,m € Z and k = 27/L where L is the length of
the one-dimensional closed loop. x1; = 0 is not var-
ied thereby resulting in pinning of the spatial modes
around = 0. The nonlinear function S in (18) is
assumed to be sigmoidal [11]. We study the stabil-
ity of the origin ¥y = 0 and expand S around its
deflection point, S[n] ~ an —4/3a3n® £ --.. We
consider spatial basis function g,,(z) = cosmkz to
2nd order in m and truncate the expansion of the
sigmoid after the 3rd order studying small ampli-
tude dynamics. Application of (6) - (16) provides
the following eigenvalue problem

t .
U/ dr e_zm”(t_T)me(t — T)e_/\m(t_T) =

—00

1 (20)
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where w is a constant, m refers to the spatial mode
number and

Com(t—7) = A% e=wo(t=7) cog mkv(t — 1)
o (21)
+d16(Jz1 — x2| —v(t — 7))
where
_ fi2f21
dy = aa/ L(——=—) cosmkxz cosmkzs  (22)
fiz + fa1

Inserting (21) in (20) provides us with a transcen-
dental equation for z = A\, + imw

(22 + 2woz + Wi + m2k2v2) <1 — d163d/v> (23)
—(z + wo)wpaax =0

The real part A, of the eigenvalue z of the m-th
mode and its frequency w can be determined graph-
ically from (23) as a function of the control param-
eter d. The destabilization of a particular state m
depends on d; and d. For dj,d = 0 the purely homo-
geneous system is obtained in which the origin is the
only stable state for sufficiently small «. The intro-
duction of a heterogeneous projection f;;(z, X)) may
cause a desynchronization of the connected areas
and thus a destabilization of the respective spatial
mode resulting in a phase transition. The desyn-
chronization properties are determined by the ten-
sor matrices in (10) which describe the interplay
of the connectivity and distribution of areas repre-
sented as spatial modes. This interplay prescribes
the timing relationship of activity between areas via
the time delay and thus determines its desynchro-
nizing properties.

4 Variability of timing patterns

We study the the timing and its variability in de-
pendence of the presence of a two-point connection.
The connectivity matrix is defined by (17),(19) and
illustrated in figure 2. In addition to the influence
of the connectivity, given in (1), we allow for an
intrinsic dynamics at each site, that is indepen-
dent of the neighboring active elements. Here we
choose the intrinsic dynamics to be an excitable
medium, for instance of Fitz-Hugh Nagumo (FHN)
type [14, 15]. Then the activation t(z,t) is de-
scribed by two variables ¥ (z,t) = (u(z,t),v(z,t))

f(x.y)

Connectivity f(x,y)

=
——
==
==

N

3’ 3 space x

space y

FIG. 2. Connectivity matrix f(z,y) with homogeneous
contributions and the bilateral two-point connection.
The latter appears as the two singularities fio and fo;
in the connectivity matrix.

for which only the first component, the excitatory
u, has connections, the other component, the in-
hibitory v, is local. Then the system after expan-
sion of ¥(x,t + At) into a Taylor series assuming
At < 1 reads

b(x,t) = F(y(2,t))
+ / dX f(z, X)S((X,T)) (24)
A

with F'(¢(x,t)) as the intrinsic FHN dynamics. The
explicit equations are

o = c(u—u®/3—v+1)
+/de(x,X)S(u—a)(X,T) (25)
A

0 = col—v+ Zu + 1) (26)
The parameters are ¢; = 10,c0 = 0.8,15 = 1.5. 1
may vary in space and time, but will chosen here
to excite one particular site in the medium con-
stantly, I = 0.2, and being zero otherwise. The
connectivity parameters are fo = 20, fio = fo1 =
30,0 = 0.5. The time 7" in the connectivity integral
is T =t—|z—X]|/v. For a formal analysis of the in-
trinsic FHN dynamics we refer, for instance, to [17].
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Space-time plot of neural field u

u(x,t)

time t 400

FIG. 3. Dynamics of the activity of u(x, t) over space and
time. The connectivity has a homogeneous component
and a bilateral pathway between sites A and B. Note the
enhanced clustering of spike occurences at these sites in
comparison to site C.

In principle, there is a separatrix in phase space for
which the FHN system shows properties of an ex-
citable medium: Below a threshold value of u the
system relaxes to a fixed point, but above this value
the system gets excited, emits a large amplitude
spike and returns eventually to the fixed point. The
inclusion of additive noise in space and time turns
equations (25, 26) into a stochastic system and al-
lows for a random emission of spikes. The present
parameter space is chosen such that the origin, that
is u(x,t) = 0 Vz, is stable. However, the proximity
to the threshold, when the origin gets destabilized,
is expected to cause a spatially non-uniform distri-
bution of events in the stochastic system.

We focus on the following question: Given three
sites A, B and C in the active medium (see figure
3), how does the inclusion of an additional two-point
connection from A to B render the variability of the
occurrence of spike timings for a given noise level?
The site C shall be located somewhere far from A, B
and we will study the variability of the time differ-
ence of spikes between A and B, as well as between
A and C. In figure 3 we illustrate the spatiotempo-
ral dynamics of the activity u(z,t) while a bilateral
pathway connects sites A and B. Just from visual
inspection, it is evident that a clustering of spikes

Variability of spike time differences between sites A and B

I3y
=}
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S

N=675 7

w
S

N
=)

Number of occurence

=
o

0 100 200 300 400 500 600
Timing difference

Variability of spike time differences between sites A and C
50 T T T

n w N
=] =) S

Number of occurence

=
o

o

0 1000 2000 3000 4000 5000 6000
Timing difference

FIG. 4. Homogeneous projections are present only (fo =
20, fi2 = fo1 = 0). The distributions show a modest
clustering of timing differences around its intrinsic firing
rates.

occurs at these sites over time. Spikes occur more
frequently with a fixed time lag between A and B,
rather than between A and C. Our aim is to quan-
tify this observation. We will compare four situa-
tions: 1) homogeneous connectivity only; 2) homo-
geneous connectivity and a one-way projection from
A to B; 3) homogeneous connectivity and a bilateral
pathway between A and B, that is feed forward and
feed backward; 4) bilateral pathway between A and
B only, that is all the active units in between are
disconnected. For each of these four scenarios we
study the difference At = min(|t4 —tp c|) between
the time of occurrence of a spike at sites A and B
or (', respectively. The distribution of the timing
difference At between sites provides information on
the amount of communication exchanged between
areas in the noisy environment. Our interest is to
identify which mechanism may be used to obtain
an increased degree of synchronization, that is a re-
duced variability in the timing difference.

4.1 Homogeneous connectivity only

If no heterogeneous pathways are present, then the
connectivity is translationally invariant. The con-
nectivity still has a spatial structure, in this case
excitatory connections decaying with increasing dis-
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Variability of spike time differences between sites A and B
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FIG. 5. Homogeneous connectivity and a uni-directional
projection from A to B (fo = 20, f12 = 30, fo1 = 0).

tance. The histograms in figure 4 show the timing
distribution between sites A, B and sites A, C. The
number of events has been restricted to N = 675 for
both present and all following cases. The timing for
A, B shows a clustering with broad wings around
50 time units (dt = 0.025 on a arbitrary scale), the
timing for A, C' shows a much broader distribution,
even though there is a also a clustering around 50
time units observed. Note that the time period of
a linear wave model, that is distance between A, B
divided by velocity, falls into a similar regime im-
plying that wave propagation mechanisms may con-
tribute to the clustering in the distribution. Note
also that the intrinsic time scale of the FHN model
is in the same regime, that is 7' = 80 time units = 2.

4.2 Homogeneous connectivity and
projection from A to B

In addition to the previous situation, a direct path-
way is introduced from A to B providing an addi-
tional strengthening of the communication between
these areas, but only uni-directional. Surprisingly,
the variability in the timing between these areas
does actually not change qualitatively compared to
the purely homogeneous connectivity. No signifi-
cant changes of the timing distribution can be ob-
served between A, C either.

Variability of spike time differences between sites A and B
T T T T T T T
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FIG. 6. Homogeneous connectivity with the additional
bilateral projection between A and B (fo = 20, f12 =
21 = 30).

4.3 Homogeneous connectivity and
bilateral pathway between A and B

The introduction of a bilateral fiber track, i.e. feed
forward and feed backward communication, en-
hances the robustness of the timing of spike fir-
ings significantly. Higher harmonics of the dom-
inant timing difference around 50 time units are
also clearly present. The timing distribution for the
sites A, C becomes flat. This appears to be a con-
sequence of the reduced variability in the timing of
A, B which also may be interpreted as the signa-
ture of the proximity of the system to the point at
which spatial patterns emerge oscillating over time
with the sites of A and B in anti-phase. In the
purely deterministic system, that is without noise,
the origin is still stable. Note that global inhibition
is present in the current formulation of the model,
hence the spatially uniform pattern of organization
is suppressed and higher order patterns, such as the
present, may be observed.

4.4 Heterogeneous pathways only

Finally we consider the isolated pathway between
A, B only, i.e. the homogeneous local connectivity
is suppressed and all active units except A, B act
independently. It is notable that a broad cluster-
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Variability of spike time differences between sites A and B
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FIG. 7. Bilateral projections between A, C only (fo =
0, fiz = fo1 = 30). All intermediate active units are
independent.

ing is observed around the same time point as with
the homogeneous connections in the previous case,
but with a higher variability. We hypothesize that
the additional mechanism of travelling wave propa-
gation through the active medium contributes to
a sharpening of the timing between distant sites
which are directly connected with heterogeneous
pathways. This result is surprising, in particular
because both individual cases, heterogeneous pro-
jections only and homogeneous connectivity only,
provide a broader distribution of timings indepen-
dently. The variability of the timings between the
sites A, C' remains uniform as expected.

5 Summary

We described macroscopic coherent pattern forma-
tion in a spatially continuous system by means of
an integral equation to capture effects caused by a
heterogeneous connection topology. The connectiv-
ity serves as an intrinsic topological control parame-
ter which systematically controls spatiotemporal bi-
furcations. We discussed how the introduction of
an additional pathway connecting two distant sites
may cause a phase transition and hence macroscopic

pattern formation. Close to this threshold, we intro-
duced noise into the system and studied the variabil-
ity of the timings of events at different locations. It
turns out that there is a parameter space for which
the introduction of a unilateral pathway, from one
site to the other, does not significantly alter the
timing precision of events at the connected sites.
However, the bilateral connection causes a signifi-
cant reduction of the timing variability.
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